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ABSTRACT

The optimal design of experiments is crucial for maximizing the information content of data across a
wide-range of experimental goals. This paper presents a Bayesian approach to optimal experiment design
(OED) for parameter inference in constrained, dynamic, and nonlinear systems under noisy, incomplete,
and indirect measurements. Bayesian OED maximizes an expected utility objective, which accounts for
prior and posterior uncertainty in the model parameters from an information-theoretic standpoint. Due
to the complicated form of the expected utility, it must be estimated using sample-based methods and,
in particular, a nested Monte Carlo estimator that is expensive to evaluate using the full dynamic model.
We propose a novel surrogate model based on arbitrary polynomial chaos (aPC), which readily applies to
any type of prior distribution. The aPC expansions are constructed locally at each design visited during
the iterative optimization procedure. The main cost in aPC, which is the determination of the expansion
coefficients, is minimized by estimating these coefficients from only a minimal set of dynamic model
evaluations. Although sample-based estimators can also be applied to the chance constraints, this leads
to a potentially large number of binary variables, such that a smooth moment-based approximation
is preferred in this work. Numerical simulations indicate that the proposed surrogate can significantly
lower the computational cost of the Bayesian OED, while guaranteeing the original chance constraints
are satisfied without noticeably increasing the average time to find a solution. As such, this methodology
appears to have the potential to pave the way for real-time or sequential dynamic experiment design in

a fully Bayesian setting.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

The selection of optimal conditions (or designs) for conducting
experiments is crucial for improving the information content of
observations, especially when experiments are expensive and/or
time-consuming to perform. Optimal experiment design (OED)
uses a mathematical relationship between the design variables,
parameters, and observables of a system to systematically select
experimental conditions that maximize some design metric that is
relevant to, for example, parameter inference or model discrimina-
tion [1-5].

Experiment design has been extensively studied in the classical
(or frequentist) framework, in both theory and practice [2]. Classical
OED design criteria for parameter inference are generally defined in
terms of some scalar metric of the Fisher information matrix (FIM)
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such as the alphabetic optimality criteria A-, D-, and E-optimality
[6]. Alternatively, OED can adopt a Bayesian perspective, where the
design criteria are expressed in terms of an expected utility quantity
that accounts for both prior and posterior uncertainty in the model
parameters from a decision-theoretic point of view [7]. In the case
of linear models subject to Gaussian uncertainties, the Bayesian
alphabetic optimality criteria reduce to mathematical forms that
are equivalent to their classical FIM counterparts [6]. For example,
Bayesian D-optimality corresponds to a utility function equal to the
Shannon information of the parameter estimates.

For nonlinear models, however, analytic expressions do not
exist for Bayesian design criteria. Thus, extensions of Bayesian OED
to nonlinear models are commonly based on linearization of the
model and Gaussian approximations of the posterior distribution
in order to derive tractable design criteria in terms of the FIM [8,9].
Many OED approximations involve prior expectations of the FIM,
which can be interpreted as robust (or stochastic) versions of clas-
sical OED and have also been referred to as pseudo-Bayesian OED
in the literature [10,11]. Note that this is in contrast to classical (or
“locally optimal”) OED approaches that maximize some function of


https://doi.org/10.1016/j.jprocont.2019.01.010
http://www.sciencedirect.com/science/journal/09591524
http://www.elsevier.com/locate/jprocont
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jprocont.2019.01.010&domain=pdf
mailto:mesbah@berkeley.edu
https://doi.org/10.1016/j.jprocont.2019.01.010

156 J.A. Paulson, M. Martin-Casas and A. Mesbah / Journal of Process Control 77 (2019) 155-171

the FIM evaluated around a current “best guess” for the unknown
model parameters, which directly leads to deterministic optimiza-
tion problems [12,13]. In both cases, the resulting design criteria
can be interpreted as approximations of an underlying expected util-
ity in the Bayesian setting. None of these approximations, however,
are suitable when the prior distribution is broad (i.e., has large vari-
ance) or deviates from normality (i.e., is non-Gaussian), and are
known to lead to increasingly suboptimal designs.

This paper investigates a Bayesian approach to OED for con-
strained nonlinear systems with continuous (or high-dimensional)
design spaces, with the goal of designing experiments that are opti-
mal for parameter inference. Bayesian methods provide the most
general framework for experiment design and inference in non-
linear systems with noisy, incomplete, and indirect data [14]. As
discussed in [15], the expected utility framework can accommo-
date a wide variety of information-theoretic criteria. Most often,
the expected utility function is explicitly defined in terms of the
posterior parameter distribution. One of the most common choices
for the expected utility is the mutual information between parame-
ters and observations (equivalent to the expected information gain
from the prior to the posterior), which can be expressed in terms of
the Kullback-Leibler (KL) divergence from the posterior to the prior
[16]. As such, the main downside of Bayesian OED is its high com-
putational cost relative to classical approaches, which is a direct
consequence of numerical evaluation of the expected utility. In
general, the expected utility must be approximated using Monte
Carlo (MC) integration over the joint observation and parameter
space, which can be a high-dimensional space. Thus, early work
on Bayesian OED focused on evaluating the expected utility over
each element of a small, finite number of designs (on the order of
ten) to avoid the challenge of optimizing the expected utility over
continuous design spaces [17].

Due to the sample-based evaluation of the expected utility,
Bayesian OED is naturally formulated as a stochastic optimization
problem. In [18], a Markov chain Monte Carlo (MCMC) sampler
of the joint design, parameter, and data space is developed such
that the marginal distribution of all sampled designs is propor-
tional to the expected utility. Here, the design that leads to the
joint mode of the marginal distribution is optimal. Since finding the
joint mode is increasingly difficult as the number of design variables
increases, a simulated-annealing optimization method was used to
achieve faster convergence [19]. However, this approach does not
appear to be easily applicable for design dimensions larger than
four [20]. Alternative optimization methods, including those based
on the Nelder-Mead [21] and simultaneous perturbation stochas-
tic approximation [22], have also been used for Bayesian OED in
[15]. The main drawback of these methods is they require many
iterations to converge, even for small problems, suggesting they
could become excessively expensive for larger design spaces com-
monly encountered in dynamic OED problems. This is primarily due
to the fact that stochastic optimization methods ignore gradient
information. Alternatively, so-called “gradient-based” optimiza-
tion techniques use gradient evaluations to improve the rate of
convergence to a local optimum, thus requiring fewer iterations
and potentially much less computational cost. When applied to
problems with stochastic objectives, gradient-based optimization
methods can be broadly categorized as stochastic approximation
(SA) [23] or sample average approximation (SAA) [24]. Hybrids of
these two approaches are also possible. The main practical differ-
ence between SA and SAA is that the i.i.d. samples are updated at
each iteration in the former while they are treated as fixed in the
latter. In either case, when the model used for OED is computation-
ally intensive, evaluating the expected utility and/or its gradients
can be computationally prohibitive. To address this challenge, [25]
proposed the use of a surrogate model for fast estimation of the
expected utility, where polynomial approximations (in particular,

polynomial chaos expansions (PCEs) [26]) of the model outputs are
constructed to capture their dependence on the uncertain param-
eters and design variables. The main downside of this approach is
that the size of the surrogate grows exponentially with respect to
the number of design variables, making it impractical for dynamic
systems.

This paper extends the Bayesian OED approach of [25] in sev-
eral directions. First, we introduce a PCE-based surrogate model
that is particularly advantageous for dynamic systems. The pro-
posed approach is based on developing local PCEs for the outputs
around each design visited during optimization such that the expo-
nential growth in the size of the PCEs with respect to the number
of design variables is avoided. Second, we leverage the theory of
orthogonal polynomials to construct the PCEs with respect to arbi-
trary probability measures of uncertain parameters (e.g., priors can
be correlated or multi-modal). Thus, the proposed approach is not
restricted to particular prior types and also ensures the PCEs are
most accurate in high probability regions of the parameter space.
Third, the proposed Bayesian OED approach can handle nonlinear
probabilistic path and terminal constraints, which can be enforced
to ensure safety and/or quality of the experiment. We show how
probabilistic constraints can be readily incorporated into the OED
problem using the PCE-based surrogate model. A key feature of the
proposed Bayesian OED approach is that it can be implemented
using state-of-the-art dynamic optimization methods (e.g., mul-
tiple shooting or collocation on finite elements [27]), so that the
underlying structure of the optimization problem can be exploited
for computational efficiency as in classical OED. The Bayesian OED
approach is demonstrated on a benchmark dynamic predator-prey
problem. To the best of our knowledge, this is the first study on
Bayesian OED for nonlinear dynamic systems in the presence of a
fairly general class of constraints.

2. Formulation of optimal Bayesian experimental design

We are interested in choosing the best experiments from a
continuous design space, for the purpose of estimating model
parameters from noisy and indirect measurements. In other words,
we are interested in experiments that are “optimal” for parameter
inference performed in the Bayesian setting, without the need for
limiting assumptions such as linear models or strong observabil-
ity.
Let (€2, §, P) be a probability space, where €2 is the sample space
(or abstract set of outcomes), § is a o-algebra of the subsets of
2, and P:§ — [0, 1] is a probability measure. Let the vector of
real-valued random variables 6 : 2 — ® € R™ denote the uncer-
tain model parameters of interest, i.e., these are parameters that we
aim to estimate from experimental data. A probability measure (g
is induced by the random variables 6, such that uy(A)=P(0~1(A))
for all A € R" (often referred to as the induced or pushforward
measure). We can then define py(0) = dii/d6 as the probability den-
sity of 6 with respect to the Lebesgue measure. This density is
guaranteed to exist as long as the random variables are continu-
ous, which we will assume throughout this work. For simplicity
of notation, we shall use p(-) to represent all density functions, and
which specific distribution it corresponds to is reflected by its argu-
ments, e.g., p(6) denotes py(6). When needed for clarity, we will
explicitly include a subscript that denotes the associated random
variable.

In a similar fashion, we treat the observations from the experi-
ment y € Y (also referred to as “noisy measurements” or “data”)
as a real-valued random vector with an appropriate probability
density, and d € D as the design (also referred to as “control”
or “input”) variables. Since we are particularly interested in the
dynamic evolution of the experiment, we focus on systems mod-
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eled by a collection of nonlinear ordinary differential equations
(ODEs) for ease of presentation

x(t) = f(t, x(t), d(¢), 0), Vt € [0, tf] (1)

where x : [0, tr] — R™ are the state variables with time deriva-
tives X and initial conditions x(0)=xg and d : [0, tf] — RMinput are the
design variables. As such, the state evolution x(t;d, 8) is implicitly
a function of the input trajectory and the model parameters. We
assume that the dynamic evolution of (1) is constrained so that it
must satisfy hard input constraintsd(t) € D c R" and probabilistic
(or chance) state constraints of the form

P(x(t;d,0) e X)=1-8, V¥t < [0, tf], (2)

where 8 € [0, 1] is the allowed probability of constraint violation.
The constraints (2) can be interpreted as a generalization of nominal
(B=0.5) or worst-case (8 =0) enforcement of state constraints, and
can be used to ensure safety or quality throughout the experiment.
Terminal state constraints can be handled in a similar fashion to
the path constraints (2) so we neglect them here to limit the nota-
tional complexity. We also assume that measurements can be taken
throughout the experiment at discrete times tq, ..., tr and can be
modeled as

yi=g(ti, x(t;;d,0))+ €, i=1,...,T, (3)

where y; € R and €; denote the measurement and the noise in
the measurement at time t;, respectively. The set of observations
is then given by y=(y1, ..., yr) while the corresponding noise vec-
tor is given by €=(é€q, ..., €r). Note that we have not made any
assumptions on the noise model so that it can have any distribution.

It is important to note that the observation space Y C R™,
Ny =My, +---+ Ny, is represented by a finite number of dimen-
sions. The design space D, on the other hand, is represented by the
set of all continuous-time trajectories that satisfy d(t) € D, which
is an infinite-dimensional space. Because of this fact, the design
space must be discretized in order to approximate D € R numer-
ically on a computer with finite ny. Some common approximations
include piecewise constant and piecewise linear though, in the-
ory, any finite-dimensional parametrization can be utilized. Letting
Nt denote the number of parameters used to approximate the
continuous-time trajectories, the total number of design variables
becomes 114 = i, N1, which can be quite large in practice.

If an experiment is performed under a given design d and a real-
ization of the data y is then measured, the change in the state of
knowledge/information about the parameters is given by Bayes’
rule:

p(y16, d)p(01d)
p(Oly, d) o) (4)
where p(60|d) is the prior density, p(y|6, d) is the likelihood function,
p(Bly, d) is the posterior density of interest, and p(y|d)= f®p(y|0,
d)p(8|d)de is the evidence, which represents a normalizing constant
that is a function of the design and data. In most practical applica-
tions, the prior knowledge on 0 does not vary with the choice of
design, leading to the simplification p(6|d)=p(#), i.e., knowing the
design of the current experiment without knowing its observations
does not affect our belief about the parameters. The likelihood func-
tion is assumed to be given, and describes the discrepancy between
the observations and a forward model prediction in a probabilistic
way. Note that the likelihood function has a one-to-one relationship
with the noise model. The forward model G: ® x D — Y, gener-
ally denoted as G(8, d), in this case is implicitly defined by (1) and
(3). Using this notation, we have y =G(6, d)+ € with a correspond-
ing likelihood function p(y|0, d) = pe(y — G(0, d)). While the majority
of classical OED approaches are developed around the assump-
tion that e~MO0, X¢), i.e., a Gaussian likelihood, fully Bayesian
approaches are not restricted by this choice and can handle any

choice of p¢ including noise distributions that depend on the design
and parameter values.

We take a decision-theoretic approach to define the expected
utility (or expected reward) to quantify the value of experiments.
As suggested originally in [ 16], the expected utility can take on the
following general form:

U(d)=//u(d,y,H)p(G,y\d)dey
yJe

=//u(d,y, Op(Oly, d)p(y|d)dody, (5)
yJe

where u(d, y, 6) denotes the utility function. The utility function
should be chosen to reflect the usefulness of an experiment at con-
ditions d, given a particular value of the parameters 6 and outcome
y. Since the precise values of 6 and y are unknown when the exper-
iment is performed, the objective is defined as the expectation of
u(d, y, 0) over the joint distribution of 6 and y. It is important that
the utility function incorporates the experimental aims and is spe-
cific to the application of interest [15]. For example, designs that
result in efficient estimation of the model parameters may not be
useful for the prediction of future outcomes. A key advantage of
Bayesian OED, however, is that a wide variety of experimental goals
can be accommodated through the proper choice of utility func-
tion including parameter estimation, model discrimination, and the
prediction of future observations [17].

Although utility functions are quite flexible and can be tailored
to specific goals, in order to derive useful and illustrative results,
we focus on utility functions that lead to valid measures of infor-
mation gain on the estimated parameters from the experimental
data. In particular, we use the relative entropy, also known as the
Kullback-Leibler (KL) divergence, from the posterior to the prior
[16]:

u(d,y, 0) = Dgr(pgyy,q( - lipe( - )

:/ In {p(z'(ye’)d)} p(0ly, d)d6 = u(d, y). (6)
®

The intuition behind this expression is that a large KL divergence
from the posterior to the prior implies that the data y decreases
the entropy in 6 by a large amount and, hence, those data are more
informative for parameter estimation. Note that this choice of util-
ity function integrates over the parameter space and is therefore
not a function of the parameters 6. As a result, substituting (6) into
(5) produces the following expression [15]:

U(d) = / / In [‘W] p(6ly. d)dbp(yld)dy. 7)
yJoO

Thus, U(d) =Eyq {DKL(pg‘y,d( Ipe( - ))} represents the expected
information gain on the parameters 6 where the expectation is taken
over the prior predictive distribution p(y|d). Note that U(d) is also
equivalent to the mutual information between the parameters 6 and
data y conditioned on d. As discussed in [25], the KL divergence
has several desirable properties that warrants its use as a general-
purpose utility function for parameter inference, which we briefly
summarize here: (i) it satisfies minimal requirements to be a valid
measure of information on a set of experiments, such as “always
at least informative” ordering; (ii) it gives an indication of infor-
mation gain in the sense of Shannon information; (iii) it applies to
general nonlinear models G(0, d) and is consistent with linear opti-
mal design theory based on the FIM; and (iv) it has been shown
to perform well for a wide range of tasks, as it provides general
guidance for learning in an uncertain environment.
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Finally, the optimal design is defined as the design that maxi-
mizes the expected utility U(d) subject to constraints:

d* = argmaxy.p U(d), s.t. P(x(t;d,0) e X)>1-8. (8)

There are a number of challenges that must be overcome when solv-
ing (8). The biggest difficulty is related to the probabilistic operators
that define the expected utility (7) and the state chance constraints
(2), which cannot be evaluated in closed-form even when the model
is a simple polynomial function of 6. These challenges are addressed
in the next section using different types of approximations.

3. Stochastic dynamic optimization with chance
constraints

In this section, we formulate the proposed approximated form of
the Bayesian OED problem (8). Although many different approaches
are available for approximating the integrals in (2) and (7), we focus
on two particular choices that lead to a smooth optimization prob-
lem, which can be readily solved with state-of-the-art methods for
dynamic optimization. The procedure for approximately solving (8)
is then summarized at the end of this section.

3.1. Sample-based estimator for the expected utility

The expected utility in (7) does not have a closed-form solution,
except when the forward model is a linear function of 6. Instead,
this expression must be numerically approximated. By applying
Bayes’ rule to the quantities inside and outside of the logarithm, and
then approximating the integrals using MC, we obtain the following
nested MC estimator for the expected utility [20]

DPyio.aW10D, d)
TPy, ay D164, d)

U(d) ~ Onui(d, 65, ys) = sz (9)

, ~ o N.M . i
where 6; = {9(1)}?;1 U e} 57y are iid. samples from the prior

p(0) and ys = {y(i)}?]ﬂ are independent samples from the likelihood
p(y|6®, d). The inner sum is needed to approximate the evidence
evaluated at y, ie., p(y|d), which typically does not have an
analytic form. The variance of this estimator is proportional to
A(d)/N+B(d)/NM and its bias (to leading order) is C(d)/M, where
A, B, and C are constant terms that depend only on the distribu-
tions at hand [20]. Hence, the size of N controls variance while the
size of M controls the bias. Note that the estimator UN, M is asymp-
totically unbiased, but is biased for finite M. Although alternative
numerical integration schemes can replace MC in (9), MC is likely
the method of choice since its convergence properties are indepen-
dent of dimension [28] and ny, +ny will often by large in practice.
Additionally, MC can be directly applied to arbitrary priors and
likelihood functions.

3.2. Moment-based approximation of chance constraints

The state constraints x(t;d,0) € X in (2) can be generally
described by a set of nonlinear inequality constraints of the form
h(x) < 0}, (10)

where h : R™ — R, Letting c(x) = max; .j, h;(x) where h; is the
jth element of h, a MC estimator can also be developed for the state
chance constraints [29]

P(h(x(t;d,0)) <0) =

={x e R™:

E{1}o,00)(c(x(t; d, 0)))}

N
0D Mo sylcxttid, 60, an

i=1

where 1jg ) denotes the indicator function. It is important to
note that since the indicator function and the max operator are
non-smooth functions, they must be implemented with binary
variables. Therefore, under this approximation, (8) must be recast
as a mixed-integer nonlinear program (MINLP) with a potentially
large number of binary variables, i.e., the optimization can be dif-
ficult and expensive to solve. In addition, the feasible region of
the problem depends on the particular set of samples used in the
approximation and can change in a non-smooth way whenever
new samples are drawn.

A simpler alternative is to develop a moment-based approxima-
tion of the chance constraint. The most common example is the
mean-variance representation [30]

E{H;(t, 0, d)} + r(t)y/Var{H;(t, 0,d)} < 0

J=1,..,nc, Vtelot], (12)

where 1(t) € [0, 0o) is a backoff parameter that can vary over time
and Hj(t, 8, d)=h;(x(t;0, d)) is the random variable associated with
the jth constraint function. The parameterized constraints (12) will
be smooth functions of time and the design variables whenever
the original system equations are smooth in direct contrast to (11).
Although these constraints can be straightforwardly derived when
H(6, d) is a Gaussian random vector [31], this does not suggest that
(12) will guarantee satisfaction of the original chance constraints
(2), as discussed next.

Whenever H(t, 0, d) is normally distributed, r(t)=r is constant
and its smallest possible value can be determined exactly from
a quantile of the chi-squared distribution. Finding a suitable r(t)
becomes more challenging in the case of general distributions, and
this is even further complicated by the fact that the shape of the
distribution of H(t, 6, d) can change over time and with the design
variable. One promising method for overcoming these challenges
in the nonlinear setting is to use an iterative simulation-based pro-
cedure that requires P(x(t; d*(r), ) € X)to be estimated under the
optimal design d*(r) found by solving the Bayesian OED problem
(8) subject to (12) in place of (2). If the probability of violation is
greater (or less) than B, then r should be increased (or decreased).
A lower bound of r=0 (corresponding to nominal constraints) can
be used, while an upper bound for r can be determined from the
“distributionally robust” Cantelli-Chebyshev inequality [32] that
ensures the original chance constraints hold for every possible dis-
tribution that shares the same mean and covariance as H(t, 6, d).
Note that the violation probability must still be estimated using,
for example, MC, but this only needs to be done at the optimal
design, as opposed to all of the designs visited during the optimiza-
tion. Readers are referred to [33] for a similar methodology that has
been applied in the context of nonlinear model predictive control.
Note that alternative methods have been developed to approximate
chance constraints using smoothing functions (e.g.,[34]), which can
be used in place of (12) in this work.

3.3. Sample average approximation for chance constrained
Bayesian OED

The Bayesian OED problem with moment-based chance con-
straint approximation can be solved using either gradient-based
or non-gradient-based methods. Although gradient-based meth-
ods require additional information, they are usually more efficient
than their non-gradient-based counterparts. This is especially true
in dynamic systems of the form (1) that are known to have certain
structures that can be efficiently exploited. An important consid-
eration, however, is that U can only be approximated by MC-based
estimators such as UN,M, meaning that optimization methods for
stochastic objective functions are needed. The Robbins-Monro
(RM) stochastic approximation is one such gradient-based stochas-
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tic optimization method. RM is based on an iterative update that
resembles steepest descent, except for the fact that it uses an unbi-
ased estimator of the gradient, i.e., the samples used to estimate
U(d) may be different than those used to estimate V4 U(d). The
choice of the step size sequence is often viewed as a key weakness
of RM, as the performance of the algorithm can be very sensi-
tive to the step size [23]. Sample average approximation (SAA),
on the other hand, reduces the stochastic optimization problem
to a deterministic one by fixing the noise throughout the entire
optimization [24]. The main advantage of SAA over RM is that deter-
ministic optimization methods can be directly applied, including
state-of-the-art solvers that efficiently handle nonlinear objectives
and constraints. For this reason, we focus on SAA exclusively in this
work. It is worth noting, however, that the proposed approach is
not restricted to SAA and could be solved using RM in a similar
manner to that shown in [25], with the main difference being that
the nonlinear constraints must be handled using either projection
or barrier methods [35].

SAA requires all the “noise” samples s and y; to be fixed. How-
ever, the samples y; are design-dependent, as they are distributed
according to the likelihood function that in turn depends on the
given design d. This issue can be addressed in practice by transform-
ing y to be in terms of only design-independent random variables.
One example of this transformation for a Gaussian likelihood func-
tion is as follows

y=G(0,d)+€=G(0,d)+C(0,d)z, (13)

where Cis a diagonal matrix with the non-zero entries representing
the standard deviation of the noise that can generally depend on
the parameters and design, and z is a vector of i.i.d. standard normal
randomvariables. For example, the choice of elements C;; =0.1|G;(0,
d)|8;; corresponds to “10% Gaussian noise on the ith component of
the model” where §; is the Kronecker delta. Other forms of the like-
lihood can be easily accommodated by replacing the right-hand size
of (13) by a generic function of 6, d, and some design-independent
random vector z.

Let D, denotes the set of design variables that satisfy d(t) € D
and the mean-variance constraints (12) for a given backoff radius
parameter r. We can then state the proposed SAA approximation
to the Bayesian OED problem (8) as

ds = argmax . p, Oy m(d, 65, zs), (14)

where as and UN,M(as, 6, zs) are, respectively, the optimal design
and objective values under a particular set of realizations of the
random variables 6 and z. A deterministic optimization algorithm
can then be used to find ds as an approximation to d*. Estimates of
U(as) can be improved by applying the estimator UN,,M,(aS, Oy, zg)
under a larger number of realizations N’ >N and M’ >M in order to
attain a lower variance. Furthermore, multiple optimization runs
B>0 can be performed (often referred to as a bootstrap) to obtain a
sampling distribution for the optimal design values and the optimal
objective values, i.e., d? and Uy y(d?, 62, z2) for b=1, .. ., B. The sets
6P and zP are independently chosen for each optimization run, but
remained fixed within each run. It has been shown that the opti-
mal design and objective estimates converge in distribution to their
respective true values under certain assumptions [24,36]. Lastly,
stochastic bounds on the true optimal value can be constructed by
estimating the optimality gap from the set of Breplicate runs. Using
the optimality gap estimator and/or its variance estimated from the
MC standard error formula, one can decide whether more runs are
required or which of the B optimal designs are most trustworthy.
The approximated Bayesian OED problem is still a challenging
problem to solve due to the dynamic forward model. In fact, NM + N
separate ODEs of the form (1) must be integrated in order to evalu-
ate (9) atasingle design point. There are a number of ways to handle

the infinite-dimensional nature of these ODE constraints (due to the
continuous time variable t), including variational, sequential, and
simultaneous approaches [27]. Simultaneous methods discretize
both the state and design/control profiles in time using, for exam-
ple, collocation of finite elements, and have the advantage of only
solving the ODEs once at the optimal point, i.e.,can avoid intermedi-
ate solutions that may not exist or require excessive computational
effort. Even with this efficient implementation, the huge number of
constraints needed to account for the NM + N forward model eval-
uations can make (14) impractical to solve. In addition, we do not
have a closed-form expression for the mean and covariance of H(t,
6, d), which is needed to evaluate the constraint function. There-
fore, in the next section, we develop surrogate models for G and H
that can greatly reduce the computational cost at each iteration of
the optimization while still ensuring that the solutions found are
accurate approximations to (14).

4. Arbitrary polynomial chaos expansions as surrogates

The main challenge in applying the aforementioned stochastic
optimization algorithms to the constrained Bayesian OED problem
is the complexity of the forward model and its gradients. In fact,
only a single evaluation of f]N,M(d, 05, z5) requires O(NM) separate
solutions of the forward model while an even larger number of
equations must be solved to calculate Vdf]N’M(d, 6s, zs) as the gra-
dient is defined in terms of the sensitivities V;G(6, d). Here, we
address this challenge by replacing G with a simple surrogate model
based on polynomial expansions (PCEs). This cheaper “surrogate”
must be accurate over the entire support of the prior ® and the
entire design space D. Not only does the surrogate model allow the
nested MC estimator in (9) to be evaluated in a computationally
tractable manner, but its polynomial form greatly simplifies the
structure and complexity of the gradient of the expected utility.

These gains come at the cost of introducing a new source of error
due to the polynomial approximation of the forward model; how-
ever, this error can often be kept low in practice. In fact, the error
can always be decreased by increasing the order of the expansion
for reasonably smooth functions, as discussed in this section. It is
worth noting that we focus on PCE-based surrogates as they have
been demonstrated to be effective in the context of Bayesian OED,
yielding high accuracy and multiple order-of-magnitude speedups
over direct evaluation of the forward model [15,25]. The proposed
surrogate in this work has some important differences to that used
in [15,25], including that our method readily applies to arbitrary
prior distributions and the size of the surrogate does not scale with
the number of design variables. We first present our proposed sur-
rogate and then describe these differences in more detail at the end
of this section.

4.1. PCE formulation

With slight abuse of notation, we describe the proposed PCE
approximation in the context of a generic scalar function G. When-
ever this function is multivariate, the procedure is simply applied
to each component of G. As such, the developed procedure can be
separately applied to each component of the forward model G(6, d)
and constraint function H(0, d) in the Bayesian OED problem.

The truncated PCE approximation (in terms of the uncertain
parameters only) is then defined in the following manner

L
Gu(6,d) =Y ai(d)Wi(6), (15)
i=1
where Lis the total number of terms retained in the expansion; a;(d)

are the expansion coefficients that depend on the design variables;
and W+, ..., | are polynomial basis functions. We again highlight
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the fact that 6 has an associated probability density p(6) on which
we have made no restrictions. We can define an inner product (-,
-)g operator with respect to p(6) as

{f. 80 = E{f(0)g(0)} = / f(0)g(0)p(0)do, (16)
®

for any functions fand g. We can also define a corresponding norm
Ifllg = (f,f);/2 using the definition of the inner product. Now, let
L; ={f : IIfllg < oo} denote the Hilbert space of square integrable
functions with respect to density p(6). Thus, G ¢ Lg is a necessary
condition for (15) to converge as L — oo and is equivalent to the
random variable G(6, d) having finite variance.

The basis functions can be any complete basis of Lg; however,
the computation of the expansion coefficients can be simplified by
choosing the basis to be orthogonal with respect to p(8). Thus, let
W4, W,, ... be apolynomial orthonormal basis (ONB) ong, i.e, each
element V; is a polynomial and for all i, j > 1 we have

(Wi, Wjg = §jj (17)

ij

where §j; is the Kronecker delta. In practice, the ONB is constructed
to have the following properties: (i) the first polynomial is a con-
stant W{(f)=1 meaning E{W;(0)} = §;; is a convenient expression
for the expectation of polynomials and (ii) each polynomial ¥; con-
tains exactly one monomial 8% that is not contained in the previous
set of polynomials Wy, ..., W;_;. Most often the polynomials are
ordered by degree. Therefore, when approximating G as in (15), we
first select the number of terms L and define the ansatz space P as
the span of the first L polynomials

P=(Wy,..., ¥ (18)

Note that the size of the expansion L can be chosen to include poly-
nomials of any order, but L is most often chosen according to a “total
order” truncation in which all polynomials with degree less than or
equal to n, are retained. This results in the total number of terms
in (15) being equal to

Ng + Ng
L= =
Mo

which grows exponentially with respect to the number of uncer-
tainties and the maximum order of polynomials in the expansion.

A variety of methods exist for numerically constructing the
polynomial ONB. As mentioned earlier, the approach in [26] (that
is applied in the context of Bayesian OED in [15,25]) assumes
separable p(0) = p(61)---p(6n,), i.e., statistically independent ele-
ments of § = (61, ..., O, ), so that the construction of the ONB can
be done for each dimension separately. These polynomials have
been analytically derived for certain scalar probability densities
coming from the Askey scheme, and can be derived numerically
for generic distributions using algorithms based on three-term
recurrence relations for univariate orthogonal polynomials [37].
Whenever 6 is composed of statistically dependent elements, a
more sophisticated numerical procedure is required to construct
the ONB. One example is the Gram-Schmidt process, which is capa-
ble of orthonormalizing any starting basis of P, such as the set
of monic polynomials (see, e.g., [38] for details). An alternative
method is based on a modified Cholesky decomposition of the Gram
moment matrix [39], which has shown to be reasonably stable on
a variety of examples in [40]. In any case, it is sufficient to know
the statistical moments of 6 up to a certain order to construct the
polynomial ONB. This is an advantage of expanding in 8 directly (as
opposed to transforming 6 into a set of independent random vari-
ables), as we are only required to know moments of 6 as opposed
to an exact expression for p(0) [41].

(ng 4 no)!

nglne! (19)

Note that there do exist density functions for which Lé does
not admit an ONB of polynomials, i.e., the space of polynomials
is not dense in Lf). Interested readers are referred to [42] for more
details on this aspect and a list of sufficient conditions to verify the
denseness of polynomials. However, since knowing 6 is continuous
with finite support is sufficient for the space of polynomials to be

dense in Lg [42,Theorem 3.4], this will rarely be an issue in practice.
4.2. Convergence, optimality, and error analysis

Since G ¢ Lg by assumption, we are able to expand it with
respect to the ONB of polynomials {Wq, W, ...}

GO, d) =) _ai(d)Wi(6), (20)

where the equality sign in (20) should be interpreted in the mean-
square sense [42], such that

JlimE((G(6, d) ~ Gy(6, d))’} = lim |G — Gy I?, = 0. (21)
—>00 —> 00 0

In other words, the PCE (15) exhibits mean-square convergence.
Standard probability theory states that mean-square convergence
implies convergence in probability and also convergence in distri-
bution, i.e., F(g 4)(x) = LILTOFGL(M)(X) forallx € R where Fx denotes

the cumulative distribution function (CDF) of any random variable
X. The rate of convergence depends on the regularity of G with
respect to 6 and, when G is a smooth function of 6, the conver-
gence rate can be quite large. This means that high accuracy can be
achieved in practice with a relatively low order expansion.

According to the Hilbert projection theorem, the best |-y
approximation of G in the polynomial space P is the orthogonal pro-
jection of Gonto P [43]. This statement can be given mathematically
in terms of the optimality condition

G, =argminp_p |G- P|2, (22)

such that no other choice of coefficients ay, ..., a; will result in a
smaller weighted Lé norm. Since the weight function in (22) is the
density p(), the optimal expansion G; must more closely match G
in regions of ® where the parameter has high probability in order
to ensure this norm is small.

Whenever G; is numerically calculated, we only find approxi-
mations to the expansion coefficients and thus obtain the following
approximated polynomial

L
Z ()0 (23)
i=1

As such, the difference between G and G; can be splitinto two terms:
a truncation error and an aliasing error [44]

Zalll +Z a; — a;)V;.

i=L+1

G-G= G-G +GL—GL
N——"

truncati on error allasmg error

(24)

According to the orthogonality property of the ONB (17), these two
sources of error are orthogonal such that their squared Lé norm is
additive

9] L
E(G(0,d)— G0, D)} = 16~ Gul, = Y a2+ > (a;— &)
(25)
Since the ansatz space P is fixed, the truncation error is constant
for a fixed forward model. This is directly controlled by the choice
of L, i.e., larger L leads to lower truncation error and solely depends
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on the nonlinearity of G. Thus, different methods for approximating
these expansion coefficients can easily be compared by the aliasing
error that they introduce.

Another important property of PCE is that the moments of the
random variable G(6, d) can be easily computed from only the
expansion coefficients

E{G(6, d)} = a1(d) ~ a;(d), (26)
o L

Var{G(6, d)} = X:a,»(d)2 ~ Zai(d)z. (27)
i=2 i=2

These equations can be straightforwardly substituted into the
mean-variance chance constraint approximation (12) so that it can
be expressed simply in terms of the PCE coefficients for H(t, 0, d).

4.3. Estimation of PCE coefficients

There are two main approaches for approximating the expan-
sion coefficients: intrusive and non-intrusive [45]. The intrusive
approach derives a new system of equations for the coefficients
that is larger than the original deterministic system [46]. The diffi-
culty of the intrusive approach strongly depends on the character
of the original equations and is often prohibitive (or even impossi-
ble to derive) for nonlinear systems [47]. Non-intrusive methods,
on the other hand, compute the expansion coefficients from only a
finite number of parameter realizations [48]. The main advantage
of these approaches is that a deterministic solver for G(0, d) can
be reused and treated as a black box. Non-intrusive methods also
offer flexibility in choosing any function of the state trajectory as
the model output, which may depend more smoothly on 6 even
when the state itself has less regular dependence. In other words,
we can avoid representing x(t;d, 8) with a PCE and instead directly
apply the method to G(6, d).

Here, we use a non-intrusive approach for estimating the PCE
coefficients. The derivation of the method starts from the fact that,
by taking the inner product of the expansion (20) with one of the
basis functions W; and applying the orthogonality property of the
ONB, we obtain an analytic expression for the coefficients
a;(d) = (G, \I/i)Lg = / GO, d)¥;(O)pd)dd, i=1,...,L. (28)

0

Then, a set of n sample points 81, ..., 8" ¢ ® is chosen and the
integrals in (28) are approximated using a finite number of for-
ward model evaluations according to some chosen quadrature (or
integration) rule [44]

ai(d) = _wiG(O, d)wy (oY), (29)
j=1

where wy, ..., wy are corresponding weight values in the quadra-
ture rule. The resulting approach is termed pseudo-spectral
projection as it defines a mapping between the forward model G
and polynomial G; that is a discretized projection operator.! If a con-
vergent integration rule is employed such that lim &; = a;, then

—00

Qlim Gr(6,d) = Gi(0, d) for all § € © and convergence of G; to the

true forward model G follows naturally.
The key step in any non-intrusive PCE method is the selection of
integration points and weights to be used to approximate the coef-

1 Regression methods are an alternative class of non-intrusive PCE in which the
discrete quadrature rule is directly applied to the optimality condition in (22), and
these can straightforwardly be used in place of pseudo-spectral methods in this
work [49].

ficients. The number of points n should be as small as possible to
achieve a desired level of accuracy in the PCE approximation (23).
A wide variety of integration (or sampling) rules for multidimen-
sional spaces have been proposed and applied in the context of PCE.
Broadly speaking, these methods can be categorized as follows: (i)
grid-based, (ii) randomized, (iii) monomial cubature rules, or (iv)
optimization-based.

Grid-based methods such as tensor and sparse grids [50] are
the most commonly used integration rules since they can be easily
derived from univariate Gaussian quadrature rules, which are opti-
mal inone dimension [51]. However, tensor-grid quadrature suffers
from the curse of dimensionality due to the exponential growth
of the number of points with dimension of the parameter space.
Sparse grids are directly constructed from tensor grids and are built
to accurately capture functional features in each separate param-
eter dimension while investing fewer points in the cross terms
between parameters. Although sparse grids have fewer points than
the full tensor grid, they have increasingly large error with increas-
ing dimension and are known to produce negative weight values.
Another key limitation of tensor and sparse grids is that they require
the uncertain parameters to be statistically independent. If the
parameters are dependent, then a transformation must be applied,
which may place integration points in low probability regions of
® that contribute only a very small amount to the PCE projection.
Randomized integration rules, on the other hand, select points by
randomly sampling from the parameter distribution p(9) via MC
methods [52]. MC is often the method of choice for approxima-
tion of high-dimensional integrals, but are known to require a large
number of points to achieve low error due to their relatively slow
rates of convergence.

Monomial cubature rules are nongrid-based methods that can
be more effective than sparse grids when integrating functions that
are well represented by total-degree polynomials [53]. These can be
thought of as efficient multivariate extensions of Gaussian quadra-
ture. Their main downside, however, is that effective cubature rules
have only been constructed for a very specific set of probability
distributions, integration domains, and polynomial degree of exact-
ness. Optimization-based integration rules are based on the same
idea as monomial cubature rules, with the main difference being
that the quadrature rule is not selected manually. Instead, the inte-
gration points and weights are determined numerically through the
use of some optimization procedure. In this way, efficient quadra-
ture rules can be constructed for any distribution p(f) and any
desired polynomial degree. Also, constraints on the position of the
points and value of the weights can readily be incorporated.

The main cost of non-intrusive PCE arises from the forward
model simulations at fixed nodes n, and these simulations must
be repeated for every d visited when numerically solving the
Bayesian OED problem (8). Thus, we adopt the optimization-based
methodology here so that n can be minimized without compro-
mising accuracy of the integration rule. There are two main types
of optimization-based methods available: moment matching and
optimized stochastic collocation (OSC). The moment-matching rule
corresponds to a non-negative measure on ® that minimizes a
sensitivity function subject to the constraints that the measure
matches moments of p(6) up to a certain finite order [54]. This cor-
responds to an infinite-dimensional linear program (LP) that must
be heuristically solved in practice. One approach, presented in [39],
is based on three steps: (i) solve a finite-dimensional LP wherein
moments are matched based on a fine grid of ®, (ii) locate the “clus-
ters” of sample points obtained from the LP solution, and (iii) refine
this solution by locally solving a nonlinear least-squares problem
with initial guess corresponding to the clustered integration rule.
However, the derived moment matching rule can be sensitive to the
choice of the initial grid and the clustering step. The OSC method,
on the other hand, derives the optimal points and weights through
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the formal minimization of an integration operator error norm [49].
Here, we adopt the OSC method since it limits the number of heuris-
tic choices by the user and has been shown to effectively handle
uncertainty dimensions up to around ten.

4.4. The optimized stochastic collocation method

The OSC method is summarized in this subsection. OSC is for-
mulated as a polynomial optimization problem with an objective
function that is adapted to be able to efficiently and accurately
approximate the PCE coefficients. First, define the exact integral
operator for a generic function f € Lg as

N2 >R:fr /f(e)p(e)de, (30)
0]
while, for a given list of points 8=(6(1), ..., 8(M) and weights w =
(wq, ..., wy), the discrete quadrature operator is defined as
n
Qo) i L2 > R:f Zw,—f(em). (31)
j=1

The operators I and Q,,,) must be bounded in order to define an
operator norm to measure the distance between them. Thus, we
restrict I and Q) to a finite-dimensional test space 7C Lé. Let
£(7, R) denote the space of all bounded linear operators from 7 to
R. For any operator A € £(7, R), the induced operator norm on the
space £(7, R) is defined as:

IAS Il
IAllo(zr) = SUP :
AR =T Iflle

(32)

The OSC method can then be summarized using this induced norm
as follows:

1. Choose a finite-dimensional test space 7and number of integra-
tion points n.
2. Find the optimal integration points and weights by solving

argmin (|l — Qg w)ll 57 )- G3)

0O

(Bosc, Wosc) =

w € [0, oo)"

Note that there are some basic relationships between 7 and n.
Mainly, the number of integration points is bounded by dim(P) =
L <n <t =dim(7) since n<L points cannot even distinguish the L
different ansatz functions and ¢t points are always capable of reduc-
ing the operator error norm to zero [49].

A good choice for the test space 7 can be derived from the inte-
grals that we want to approximate in (29). Whenever G € P, then
we would like G; = G, i.e., there is no truncation or aliasing error
for polynomial models within the ansatz space P (18). This means
that the integral of all products of two elements in P have to be
exact, which corresponds to the test space

T=span{¥;¥;, 1 <i,j<L}. (34)

Based on this choice of 7; it is then desired to choose n large enough
so that the operator norm is reduced to zero. A simple procedure can
be derived from the degrees of freedom (DOF) in the optimization
problem (33). The number of DOF in the optimization is n(ny+1).
In order to reduce the objective function in (33) to zero, t equations
must be satisfied. Therefore, if we choose Z"and n such that

t=n(nyg+1), (35)

then we may have enough integration points to be able to satisfy
all t conditions. Since t is fixed according to (34), we should initially
select n=t/(ng + 1), which is much lower than the upper bound of

t. However, it is important to note that this is a heuristic choice
and cases exist that n has to be larger or can be chosen smaller.
Thus, a practical approach is to first choose n according to the DOF
condition (35) and then numerically perform the optimization (33).
If the minimum objective value is not small enough, then n can be
increased by one and the optimization repeated until the objective
has been reduced to a sufficiently low value. Note that alternative
choices of 7'and n are discussed in [49].

Remark 1. Whenever L is chosen using the “total order” trunca-
tion method with maximum order n,, then the choice of test space
in (34) effectively doubles the PCE order such that the dimension-

ality of the test space is t = (:'16;4,’22::‘)' )

We can now derive an expression for the operator norm in (33)
explicitly in terms of the integration points # and weights w. Since
the elements of 7'in (34) are polynomials, they can be represented
as coordinate vectors with respect to the ONB, i.e., any function
f € Tcanbewrittenasf = Z; ¢; ;. Based on this representation,
the numerator of the induced norm can be written as

t t
1Az = 1A “a¥l =1 AWl < liclalA¥]2, (36)
i=1 2 i=1 2
where c=(cq, ..., ¢t) and AV =(AV¥q, ..., A¥;) denotes the vec-
tor representation of any operator A with respect to the ONB
V. The inequality above directly follows from the well-known

Cauchy-Schwartz inequality. Similarly, we can apply this represen-
tation to the squared denominator of the induced norm to derive

t 2
113 = / (Zq%(@)) p(6)d6
© \'iz1
t t t
= ZZQQ(‘I’;" Wj)g = ZClz = [icl3. (37)

i=1 j=1 i=1

Since the supremum is achieved when the inequality exactly
holds, we can combine these two expressions to derive a finite-
dimensional representation of the operator norm as the 2-norm of
its vector representation, i.e., |Al g(zr) = IAW||2.

We recall (17) to find that I'\V; =§;;, meaning that the vector
representation of I can be written as

v=e;=(1,0,...,0). (38)

For Q(g,w), from (31), we find that

Qo.wm)¥i = ZWj‘I’i(QO)), (39)

j=1

which can be easily converted into its vector representation that is
an explicit function of the integration points and weights:

Qo ¥ = W(OW, (40)
where ¥(0) is a t x n matrix:
i (61) Wi (6™)
V(o) = : : : (41)
wt(é(l)) \yt(é(n))

We can then calculate the squared operator norm of I — Qg ) as

I = Qug.w) 2 75y = ler — W(OWI3, (42)
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which is a sum of squares of polynomial functions. This is a smooth
function with structure that can be easily exploited by gradient-
based optimization algorithms. An important practical issue in the
0SC method (33) is finding the global minimum. Since the lowest
attainable value of the objective is known to be zero, we are guar-
anteed to have found a global optimum as long as this bound is
reached.

4.5. Global versus local PCE with respect to the design space

PCE is simply an orthogonal polynomial approximation to ran-
dom functions and thus can be applied to G in various ways. For
example, in [15] a single (or global) PCE is constructed for G(6,
d) over the entire product of the parameter and design spaces. In
this way, a random vector £ € R™, ng=ny+ny is defined to have
one dimension associated to each component of 8 and one to each
component of d. The density p(&) is required to be separable and is
assumed to map to the joint space (6, d) = T(§) based on some (possi-
bly) nonlinear diffeomorphism T : R — ® x D that preserves the
probability density functions of & and (6, d). The global PCE can
then be defined similarly to (15), except now in terms of this new
random vector &

L

G(6(8), d(8)) ~ Zbifbf(é), (43)
i=1

where by, ..., by are the global expansion coefficients and &+, ...,

@; are polynomials that are orthogonal with respect to p(§).

The main advantage of this approach is that the coefficients are
constant and therefore only need to be computed once before solv-
ing the Bayesian OED problem; however, there are two important
limitations. First, the number of terms in (43) increases exponen-
tially with ns =ngy +ny and the truncated order n,. The effect of this
growth is twofold: time-varying trajectories d(t) must be heavily
discretized in order to keep n; small, and accuracy must be sacri-
ficed when G is highly nonlinear in d to keep n, small. Second, we
must select some probability distribution for the design variables.
This distribution represents the weight function that governs what
regions of D that the PCE should be most accurate. Therefore, the
probability distribution should be proportional to how often values
of d are visited during the optimization algorithm. Since this quan-
tity is too complex to extract in practice, a heuristic strategy must
be applied instead. For example, in [15], a uniform weight function
over the bounded design space is chosen. As a result, the surrogate
might be inaccurate near the unknown optimal design.

The proposed PCE-based surrogate (15) avoids both of these
issues by developing a local surrogate around each design encoun-
tered during the optimization. Therefore, the size of the surrogate
is completely independent of ng4, and we do not need to artificially
define a distribution over the design space. Although the coeffi-
cients must be updated at every iteration in the proposed approach,
the OSC rule used to define the quadrature operator in (29) ensures
that this process only requires a minimal number of forward model
simulations. This means that we can significantly reduce the num-
ber of full model evaluations in (14) from O(NM) to merely n. These
features suggest that the proposed approach is especially advan-
tageous in dynamic systems, which can very easily result in OED
problems with n; on the order of tens to hundreds of independent
variables.

The final important difference between (15) and (43) is related
to the essence of the so-called germ &. The generalized polynomial
chaos (gPC) method requires the stochastic parameters to be sta-
tistically independent in order to simplify the basis construction.
As long as T is a density-preserving transformation, then £ can be
chosen as any set of independent random variables. The Rosen-
blatt transformation is the most common example as it applies

to any collection of continuous random variables [55]. However, a
known problem with the Rosenblatt transformation is that, even for
simple problems, T can quickly become discontinuous and highly
nonlinear. In fact, it has been shown that transformations between
some standard scalar random variables exhibit Gibbs phenomena
and thus deteriorate the convergence rate of the expansion [44].
Even when this transformation is reasonably well-behaved, it can
be complicated to determine and expensive to evaluate. Therefore,
it is preferred to expand in terms of & when possible. This imple-
mentation of PCE has been referred to as arbitrary polynomial chaos
(aPC) since there are no restrictions on p(6), and can be interpreted
as a generalization of gPC. We explicitly represent (15) using aPC
because this helps keep n, small, which directly results in lower
values for n due to smaller-sized test spaces (34).

5. Numerical results
5.1. The dynamic forward model

The well-known Lotka-Volterra (LV) system has been used to
model the nonlinear and oscillatory dynamics of interacting preda-
tor and prey populations, and is a commonly used benchmark
problem in the dynamic OED literature, e.g., [56]. The time-
evolution of LV system is governed by the ODEs

X1(8) = X1 (£) — (1 + 0.25601 )x7 (D (£) — 0.4x7 (£)d(t) (44a)

Xo(t) = —x1 (t) + (1 +0.25607) x1 (£) x5 (t) — 0.2x; () d(t), (44b)

where t € [0, t7] is the time variable with tf=12, x(t) is the normal-
ized prey population, x,(t) is the normalized predator population,
and 07 and 6, are the unknown parameters for which we have
limited information. The design profile d(t) can be manipulated
throughout the experiment, and is constrained to the domain d(t)
[0, 1] for all t € [0, t;]. We also assume a noisy measurement of the
predator population can be made at the final time, i.e., y =x,(tf) + €.
The noise is modeled as a zero-mean Gaussian random variable
with standard deviation o =0.1|xx(t7)|, i.e., the noise variance is
state-dependent and equals 10% of the signal. For this study, we
select a statistically-dependent prior in terms of two coupled beta
distributions

91 NB(Z, 2), 92|9] NB(Q] +3, —91 + 2) (45)

A contour plot of this joint distribution on the support (61, 63) €
[-1, 1]? is shown in Fig. 1. This prior was chosen as an exam-
ple of one that is able to capture potential relationships between
parameters.

The OED formulation (8) seeks the design d*(t) such that, when
the experiment is performed, on average the predator signal yields
the greatest information gain from prior to posterior, i.e., the infor-
mation gain is averaged over all possible prior parameters and over
all possible resulting measured predator populations. State chance
constraints are added to the problem after the initial comparisons.

Note that all NLP optimization problems discussed in this case
study are numerically solved using CasADi [57] that automatically
passes the required derivatives (based on a symbolic implemen-
tation of the equations) to the interior point solver IPOPT [58]. In
addition, all computations were performed on a MacBook Pro with
8 GB of RAM and a 2.6 GHz Intel i5 processor.

5.2. Local and global PCE implementations

Evaluating the forward model requires solving the ODE in (44)
at fixed realizations of 6 and extracting the predator population
at the final time. These equations are integrated with CVODE [59]
set to a tolerance of 10~8, which is an error-controlled solver for
stiff and non-stiff initial value problems. As discussed in Section 4,
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Fig. 1. Randomly sampled initial condition provided to OSC optimization (33) (left) and derived optimal OSC quadrature rule with n=16 nodes that can exactly integrate
t=45 polynomials (right). The nodes are shown with a white ‘X’, and the size of each node is proportional to its weight. The colors represent contours of the joint parameter
distribution in (45). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

the full forward model can be replaced with a PCE-based surrogate
to improve computational efficiency of the MC estimator for the
expected utility. In this example, we compare two surrogate mod-
eling approaches: (i) the proposed method that we will refer to as
“local” or “design-dependent” PCE for short and (ii) the “global” PCE
method proposed in [15,25].

The local PCE method expands in terms of 6 directly, meaning
the polynomials must be constructed to be orthogonal to (45). This
was done by applying the modified Cholesky decomposition to the
Gram moment matrix, composed of moments of a finite number
of moments of 0. The coefficients of the expansion are estimated
using a quadrature rule chosen as the solution to the OSC prob-
lem (33) with a test space 7 composed of all polynomials up to
degree 8, which corresponds to t = dim(7) = (88T22,)I = 45. Based on
the DOF condition in (35), n was initially set equal to 15; however,
this did not produce satisfactory objective values near zero and so
was increased by one. For n=16 points, we were able to consis-
tently find solutions to (33) that result in a norm of zero (global
optimum) starting from an initial condition with equal weights
and nodes sampled randomly from p(6). This indicates the OSC
rule can integrate 45 polynomials exactly using only 16 points.
One such example of a converged OSC rule is shown in Fig. 1.
This rule matches intuition as points with larger weights are con-
centrated in regions of the density function with higher values.
Note that the OSC problem took about 2 seconds on average to
solve and more than 90% of the runs converged to the global opti-
mum.

Global PCE, on the other hand, expands with respect to the
joint parameter and design space, meaning the design space must
be discretized before it can be applied. To this end, the design
profile is discretized into Ny piecewise constant intervals [0, tf] =
[to, t1) U ---U[tn,—1, tn;) such that d(t)=d; for all ¢ € [t;, t;+1) and
i=1,..., Nr. For comparison purposes, we fix the number of inter-
vals at Ny=2. We thus have two additional variables (d;, d3) to
include in the PCE, which we assume are independent and uni-
formly distributed in order to build the surrogate (43). We again
note that this is heuristic choice, as we do not know the distribution
of designs that will be visited during the optimization procedure.
The parameter and design variables must then be mapped to a
4-dimensional germ £=T(64, 05, dq, d») that has statistically inde-
pendent elements. In this case, we choose &; ~ 8(2, 2), & ~ B(2,
2), &3~U(-1,1), &4~U(—1,1), and T according to the Rosenblatt
transformation. The coefficients of the global PCE were determined
with a tensor product of Gaussian quadrature rules of order 10 that
resulted in a total of 104 forward model evaluations.
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Fig. 2. The mean-square error (MSE), i.e., Ls norm versus truncation order of the
local and global PCE surrogates for the forward model in the LV system.

Both the local and global PCE method are implemented using
total-order polynomial truncation. In order to select this truncation
order, we calculated the Lg mean-squared error (MSE) for various
truncation orders, which is plotted in Fig. 2. We clearly observe
that the error decreases as order increases for both methods; how-
ever, the local expansion exhibits a faster rate of convergence and
has errors more than an order-of-magnitude lower than the global
approach. This is not surprising as local PCE does not expand in the
design space so that it can directly capture nonlinear effects with
respect to d. For global PCE, we selected order 9 as this resulted in
reasonably small MSE while retaining less than one thousand terms
inthe expansion, i.e.,L=715.Based on this choice, we selected order
4 for local PCE, which corresponds to L=15, as this is the smallest
order with lower MSE than global PCE of order 9.

5.3. Stochastic dynamic optimization implementation and results

We now discuss the implementation of the proposed SAA
optimization (14) and analyze the results for varying number of
samples. We first focus on the local PCE method and then compare
performance to the global PCE method.

Regardless of the choice of sample sizes N and M, the local PCE
method must impose n separate ODE constraints corresponding
to the nodes of the OSC rule. A direct transcription approach was



J.A. Paulson, M. Martin-Casas and A. Mesbah / Journal of Process Control 77 (2019) 155-171 165

used to discretize the state profile in time using collocation of finite
elements. We chose 20 elements and used a third-order collocation
scheme within each element. Note that the design profile is only
discretized into 2 elements in order for the local method to be more
fairly compared with the global approach. As such, the dynamic
optimization problem has been converted to a large-scale NLP that
again can readily be solved using CasADi and IPOPT. We chose to use
the limited-memory BFGS estimate of the Hessian, as opposed to
exact evaluation of the Hessian, since this provided computational
savings in this problem (i.e., cost per iteration decreased more than
number of iterations increased).

Under SAA, each choice of sample sets 6; and z; yields a differ-
ent deterministic objective. Example realizations of this objective
surface are shown in Figs. 3-5. For each realization, a local opti-
mum is found efficiently in only a relatively few (usually less than
15) iterations. Note that for low N, the objective realizations can be
extremely different including the location of the optimum points
as well as the estimated maximum value of the expected util-
ity. In general, however, the objectives have less variability as N
is increased. Looking at N=101 in Fig. 5, we consistently see two
designs that (locally) maximize the objective and one design that
minimizes the objective. To better understand the performance of
the proposed method, we conducted 1000 independent bootstrap
runs, over a matrix of N and M values. Each optimization is ini-
tialized with a uniformly distributed random design to assess the
performance of the method on average. Histograms of the opti-
mal design variables resulting from each set of 1000 optimization
runs are shown in Table 1. We can immediately recognize that
more designs cluster around the three local optima as N and M are
increased. The distribution of final designs is not enough to under-
stand the robustness of the optimization results. For example, if
U is flat near the optimum, then the suboptimal designs need not
be close to the true optimal design to be considered good designs
in practice. A “high-quality” estimate of the objective U1oo1,1001
is computed for each of the 1000 designs in Table 1 to evaluate
robustness, and the resulting histograms are shown in Table 2. We
can again see that performance improves as N and M increase. It is
interesting to note that all histograms in Table 2 are bimodal. The
higher mode reflects a mixture of the two maxima while the lower
mode corresponds to the minimum design. Although the variance
in these modes decreases with increasing N and M, both modes are
always present. Around 70% of runs converge to the high expected
utility mode while 30% of the runs converge to the low mode. Note
that similar features are observed when using global PCE as the
surrogate model.

5.4. Comparison between local and global PCE surrogates

To compare the local and global PCE surrogates, we develop a
single integrated measure of the quality of the solutions from the
SAA optimization. As suggested in [25], we use the following MSE
expression as this metric

B
2
MSE = EZ U1001,1001(d°, 65, 25) — Uref) (46)

b=1

where d®, b=1, ..., B are the final designs from the optimization
algorithm for B=1000 bootstraps (using either local or global PCE)
and U™ is the true maximum expected information gain. Since the
true maximum is not available in this case study, we take U™f to
be the maximum value of the objective over all runs. An important
issue in the evaluation of the MSE is that it will be significantly
biased by the designs that lead to the local minimum. To avoid
this bias, we initialized all optimizations at [1, 1] in the design
space that consistently produced designs that globally maximize

the objective. Figure 6 describes the solution quality in relation to
computational effort by plotting the MSE against average compu-
tational time per run for both the local and global PCE methods.
Each symbol represents a particular value of N, i.e., x, O and O rep-
resent N=1,N=11,and N=101, respectively, and the four different
M values are shown through average run times.

There are a number of interesting observations within Fig. 6.
Both methods generally result in lower MSE as N and M increase.
We also observe that N has a much larger effect than M for this par-
ticular example. However, in the N=101 case for the global method,
we see that MSE is nearly constant as M increases. This is likely due
to the fact that the global PCE has a larger Lg error than the local
method and thus hits its lowest achievable error around this value
for N. As expected, the global PCE method has solution times that
are directly proportional to the total number of samples used to
evaluate the expected utility since the cost of the model (43) is the
same per sample. The local PCE method, on the other hand, requires
aminimum of approximately 1 second to find a solution, regardless
of N and M. This is due to the fact that the local method has a fixed
cost corresponding to the n=16 discretized ODE constraints. These
nonlinear constraints are the dominant cost in the optimization
when N=1, M=2 all the way to N=101, M=101. In other words,
we see no increase in the approximately 1 second solution time
when there are NM + N =3 versus NM + N=10, 302 total evaluations
of the polynomial (15) needed at each iteration. This highlights the
importance of the minimal OSC rule as 16 forward model evalua-
tions are more expensive than over 10,000 surrogate evaluations,
meaning we can expect the solution time to massively increase if
the full model is evaluated at each sample instead of the surrogate
(if even possible to store all of the constraints in memory). We do
see that the cost of the polynomial evaluations overtake the ODE
cost for the largest considered case of N=101, M=1001. The local
PCE method, however, is increasingly cheaper to evaluate than the
global method as the number of samples increases. This is a direct
consequence of the local expansion having a factor of 50 less terms
in the expansion than the global method. In fact, the local method is
7.5 times cheaper than the global method in the largest case consid-
ered, while also producing solutions with two order-of-magnitudes
lower MSE.

5.5. Scaling with respect to number of design variables

The previous analysis focused on the case of Ny =2 discretized
design variables. To understand the effect that Ny has on the opti-
mization when using the proposed local PCE method, the average
computational time to solve (14) (over ten independent runs with
N=101 and M=101) is plotted against the number of design vari-
ables Nrin Fig. 7. We can clearly see that the cost scales sublinearly
with respect Nt, which is mainly due to the fact that the state dis-
cretization level is fixed at 20 elements in all cases as well as sparsity
being exploited in the gradient computation. It is important to note
that, as Nt increases, the size of the surrogate model remains fixed
and cost only increases due to the larger number of decision vari-
ables. This is in sharp contrast to the global PCE model, which grows
exponentially in size as Nrincreases. For example, the global expan-
sion has more than two million terms for 20 design variables, 2
parameters, and a truncation order of 9. As such, we were unable
to apply the global method for Ny =20, while the local method only
took approximately 65 seconds to find a solution.

High-quality expected utility estimates for each discretization
level are also shown in Fig. 7. As expected, the optimal objective
value increases as the number of design variables increases due
to the fact that the design profile has more freedom. We see a
large increase (more than 50%) in the optimal objective for Nr=5
whereas fairly minor increases for larger Nr. This suggests that five
intervals provide enough freedom in this problem to find a solution
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Table 1

Histograms of the optimal design variables d from 1000 independent bootstrap runs of SAA over a matrix of N and M sample sizes. For each histogram, the bottom-right
axis represents d(t)=d; for t [0, tf/2), the bottom-left axis represents d(t)=d, for t € [t;/2, t;), and the vertical axis represents frequency.
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the red x is the final converged point. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 2
High-quality estimates of the expected utility (or information gain in this case) at the optimal designs resulting from 1000 independent runs of SAA. For each histogram, the
horizontal axis represents values of Uio01,1001 and the vertical axis represents frequency.
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discretization level is also shown.

that nearly maximizes the original dynamic problem (8), and these
solutions can be found in around 25 seconds whereas the original
problem is unsolvable.

5.6. Chance constraint approximation and tuning

An important consideration in this work is chance constraints
of the form (2). Here, we consider box state constraints (x1(t),
x2(t)) € [0, 3] x [0, 1.5] and B=0.1, meaning 10% of the state pro-
files are allowed to violate the box constraints. However, the
only active state constraint for the Bayesian OED problem at
hand is x,(t) < 1.5, such that P(x(t;d, 0) € X) = P(xy(t;d,0) < 1.5).
For tractability purposes, we enforce the smooth moment-based
approximation (12) instead of the original chance constraint. The
required mean and variance terms can be expressed as a function of
the design variables using the coefficients of the local PCE surrogate
as shown in (26) and (27).

As discussed in Section 3, we cannot directly select a good
value for the backoff radius parameter r as the distribution of x;
is unknown at the optimal design. Therefore, we explore a simple
simulation-based procedure to determine what value of r results in
the largest possible objective. All that is required is to solve the OED
problem with E{x,(t;d, 0)} + rv/Var{xy(t;d, )} < 1.5 added for a
given r. Once the optimal design for this problem has been found,
denoted by d*(r), MC simulations are performed on the forward
model to empirically estimate P(x,(t;d*(r), 9)). Note that the surro-
gate model can be used to further speed up the estimation of this
violation probability, as established in [33]. If the violation is greater
than B, then r should be increased and, if on the other hand, the
observed violation is less than g, then r should be decreased. This
procedure is repeated until satisfactory convergence is achieved.
The basic methodology is presented in Fig. 8, which plots the esti-
mated violation probability under 1000 MC runs versus the backoff
parameter r, with other parameterssetto N=M=101and Nr=5.We
see that r has a nonlinear effect on P(x,(t;d*(r),0) < 1.5). We also see
that the constraint violation equals the desired level of 10% when
the radius is r=1.5. Due to the simple structure of the constraints
combined with the cheap surrogate model, these average solution
times are virtually identical with or without (12) included.

We emphasize the fact that the violation probability only had
to be estimated at the optimal design, as opposed to being cal-
culated at every iteration of the optimization and expressed with
binary variables. High-quality estimates of the expected utility are
also shown for each backoff radius in Figure 8 and, as expected, it
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Fig. 8. The estimated state constraint violation probability under the optimal design
profile versus the backoff radius. The maximum expected utility for each backoff
radius is also shown.

decreases with increasing radius due to the reduced feasible region.
The expected utility shows almost a linear decrease with increasing
B for this problem, but in general this effect can be highly nonlinear.
This type of Pareto analysis is useful to perform to probe the tradeoff
between performance and “robustness” to parameter uncertainty.
It is worth noting that this type of Pareto curve can be straightfor-
wardly traced over 8 € [0, 1] by finding the rthat yields P(x,(t;d*(r),
0)<1.5)=1-4.

6. Conclusions and future work

This paper studies the stochastic optimization problem arising
from a general nonlinear formulation for Bayesian optimal exper-
iment design (OED), with a particular focus on dynamic systems
subject to state chance constraints. The main objective function
of interest is the expected information gain in the model parame-
ters due to an experiment, which can be written in terms of the
KL divergence from the posterior to the distribution. Since this
expected information gain cannot be evaluated exactly, we must
resort to a finite-sample Monte Carlo (MC) approximation to the
objective function using the well-known sample average approxi-
mation (SAA) method. Although a similar SAA approximation can
be applied to the chance constraints, these constraints require
integer variables (non-smooth) and produce a feasible region that
changes for every set of realizations used. Therefore, we propose
a smooth moment-based approximation to the chance constraints
that has a tunable backoff parameter, which can be determined
through a limited number of simulations to ensure the original con-
straints are satisfied. Methods for computing the objective must
also deal with the fact that the estimator of the expected infor-
mation gain is not a simple MC sum, but involves a nested sum of
MC estimates. It is therefore expensive to evaluate the objective
and/or its gradients, as each sample in the estimator requires the
dynamic forward model to be integrated over time. As suggested in
previous work [15,25], we look to circumvent these challenges by
approximating the forward model with polynomial chaos expan-
sions (PCEs) and subsequently computing the expected information
gain with PCEs instead.

The main contribution of this paper is to develop a new PCE-
based surrogate model that is design-dependent, i.e., coefficients
are updated locally at each design. In this way, the exponential
growth with respect to the number of design variables that occurs
in the global PCE method of [ 15,25] can be avoided. Another key fea-
ture of the proposed local PCE method is that the expansions are
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defined in terms of polynomials that are orthogonal with respect
to arbitrary priors, meaning they most accurately approximate the
forward model in high probability regions of the parameter space.
Since the expansion coefficients are defined as weighted multi-
dimensional integrals, the cost of estimating these coefficients is
directly proportional to the number of nodes in a chosen discrete
quadrature rule. Therefore, we apply an optimization-based pro-
cedure to numerically derive a rule that ensures high accuracy
integration with a minimal number of nodes. We compare the per-
formance of the proposed local PCE method to the global method of
[15,25] on the problem of estimating parameters from noisy data
in a dynamically evolving predator-prey system. Numerical experi-
ments are performed over a matrix of inner- and outer-loop sample
sizes to examine their impact on bias and variance of the objective
function. Unsurprisingly, we see that the solution quality improves
as the sample sizes increase, but observe that the outer sample size
has alarger effect than inner sample size. We also note that multiple
local solutions exist, though the global solution is found approxi-
mately 70% of the time. When comparing the local and global PCE
methods for only two design variables, we observe that the pro-
posed local method can provide a significant speedup and lower
error, especially as the sample size increases. Another important
observation is that the average solution time with the local PCE
surrogate scales sublinearly with respect to the design profile dis-
cretization level. This is a result of the coefficients being updated
at each design, which ensures the size of the expansion is indepen-
dent of the design profile. This is in sharp contrast to the global PCE
model, which grows exponentially in size as the discretization level
increases. We also show that the moment-based constraints can be
tuned to guarantee satisfaction of the original chance constraints,
and how the surrogate model ensures these added computations
are negligible compared to the main cost of estimating the expected
information gain.

The developed approach is based on a nested MC estimator
for the expected information gain. Some known issues with this
estimator are that it requires a large number of samples due to
the double-loop sample-average structure and the inner loop can
suffer from arithmetic underflow for small sample sizes, diffuse
priors, or concentrated posteriors. Future work should focus on
developing methods that can avoid these issues. One such exam-
ple is to replace samples from the prior with those drawn from
an importance sampling distribution. A good candidate impor-
tance sampler can be derived from the Laplace approximation
(LA) [60], which expands the posterior distribution in terms of
a second-order Taylor series around the maximum a posteriori
(MAP) estimate. Although this reduces the inner-loop sample size,
it comes at the cost of constructing the LA, so it is not obvious this
will reduce the overall computational burden. Note that LA has
also been used to directly approximate certain expected utilities
in large-scale OED problems [61]. It would also be interesting to
explore methods, such as parallelized solvers [62] or distributed
optimization algorithms [63], that are capable of exploiting the
structure of the NLPs derived from stochastic dynamic optimiza-
tion problems in order to achieve further reductions in the solution
time.

Lastly, this paper focuses on batch (or open-loop) OED, where
the experiment is fully designed before any data are actually
collected. An important area of future research is sequential (or
closed-loop) OED, where data from previous experiments can be
used to guide the design of future experiments. The closed-loop
OED problem can be rigorously formulated using dynamic pro-
gramming [64,Chapter 3], but significant computational challenges
must be overcome for this to be practically solvable, especially since
the state must be represented in terms of the posterior distribu-
tion of the parameters. The proposed PCE-based surrogate model
could potentially be used to address some of these challenges and,

thus, help pave the way for OED to be solved in real-time in a fully
Bayesian setting.
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